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Abstract 

Robinson-Wilczek's recent work shows that, the energy momentum tensor flux re- 
quired to cancel gravitational anomaly at the event horizon of a Schwarzschild-type 
black hole has an equivalent form to that of a (1 + l)-dimensional blackbody ra- 
diation at the Hawking temperature. Motivated by their work, Hawking radiation 
from the cosmological horizons of the general Schwarzschild-de Sitter and Kerr-de 
Sitter black holes, has been studied by the method of anomaly cancellation. The 
result shows that the absorbing gauge current and energy momentum tensor fluxes 
required to cancel gauge and gravitational anomalies at the cosmological horizon 
are precisely equal to those of Hawking radiation from it. It should be emphasized 
that the effective field theory for generic black holes in de Sitter spaces should be 
formulated within the region between the event horizon (EH) and the cosmological 
horizon (CH), to integrate out the classically irrelevant ingoing modes at the EH 
and the classically irrelevant outgoing modes at the CH, respectively. 
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1 Introduction 



Since Hawking radiation from black holes was first discovered by Stephen 
Hawking [TH2] . many derivations of Hawking radiation appeared in the liter- 
ature (see, for example, [5]Hf 5 | 6]). Recently, Robinson and Wilczek suggested 
that Hawking radiation can also be determined by anomaly cancellation condi- 
tions and regularity requirement at the event horizon [7J. After a dimensional 
reduction technique at the event horizon, quantum fields in the original higher 
dimensional theories can be effectively treated as an infinite collection of two- 
dimensional quantum fields. In the effective two-dimensional theory, the in- 
going (outgoing) modes at the event horizon behave as the left(right)-moving 
ones, respectively. Since the event horizon (EH) is a null hypersurface, the 
ingoing modes at the EH that fall into the black hole would not classically af- 
fect the physics outside the black hole. Quantum mechanically, however, their 
quantum contribution to the physics outside the EH should be taken into ac- 
count. If the effective field theory is formulated outside the EH to exclude the 
classically irrelevant ingoing modes at the EH, it becomes chiral there and 
contains a gravitational anomaly, which takes the form of the nonconserva- 
tion of the energy momentum tensor. To cancel gravitational anomaly at the 
EH and to restore general coordinate covariance at the quantum level, one 
must introduce a compensate energy momentum tensor flux, which is shown 
to be exactly equal to that of Hawking radiation. This is the basic idea of 
Robinson- Wilczek's to derive of Hawking radiation via the anomalous point 
of view. The method was then soon generalized to the cases of charged [5J and 
rotating black holes [9|T0] by considering gauge and gravitational anomalies 
at the horizon, and further applied to other cases |11II12II13|I14|I15|I16] . 




Till now, a common feature that shares in these observations is that both 
gauge and gravitational anomalies take place at the event horizon of black 
holes with or without a cosmological constant. In Ref. [13], although the au- 
thors attempted to extend the Robinson- Wilczek's work to general Kerr-de 
Sitter black holes in D dimensions, they only studied Hawking radiation from 
the EH of the black hole. The situation that takes place at the cosmologi- 
cal horizon (CH), however, had not been addressed in detail there. In fact, 
it was demonstrated [5] that particles can also be created at the CH with 
a thermal spectrum. Although it is of no much practical significance in as- 
trophysics to enclose the de Sitter thermal radiation of the CH because its 
temperature carried by the radiation many be very small, researches on black 
holes in de Sitter spaces become more and more important at least due to the 
following two reasons: (1) The recent observed accelerating expansion of our 
universe indicates the cosmological constant might be a positive one [17]; and 
(2) Conjecture about de Sitter /conformal field theory correspondence [IB] . 
Thus it many be of special interest to carefully investigate Hawking radiation 
via anomaly cancellation at the CH of black holes with a postive cosmological 
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constant. 



In Ref. [13J, the effective field theory in the two-dimensional reduction of 
general Kerr-de Sitter black holes is formulated outside the EH to integrate 
out the classically irrelevant ingoing modes at the EH. In fact, in the case of 
general black holes with a repulse cosmological constant, such as the generic 
Schwarzschild-de Sitter and Kerr-de Sitter black holes, there exist event hori- 
zon and cosmological horizon for an observer moving along the world line of 
constant r between both horizons [5]. In such cases, the effective field theory 
that only describes observable physics should be formulated within the re- 
gion between the EH and the CH to exclude the classically irrelevant ingoing 
modes at the EH and the classically irrelevant outgoing modes at the CH. 
Thus, gauge and gravitational anomalies arise both at the EH and at the CH. 

In this Letter, our main motivation is to study Hawking radiation from the 
CH via anomaly cancellation. To simplify our discussions, for the moment 
when we study Hawking radiation from the CH, we can regard that the gauge 
and gravitational anomalies taken place in the vicinity of the CH are only 
due to exclude the classically irrelevant outgoing modes at the CH, and ignore 
the quantum contribution of the omitted ingoing modes at the EH although 
they should be incorporated into the effective theory formulated at the EH, 
that is to say, the EH and the CH are considered as two independent physical 
systems with their probably interactions being overlooked. A similar recipe to 
deal with Hawking radiation via tunnelling from the CH of black holes in de 
Sitter spaces had already been successfully written out in [T9] . 

At the CH, the outgoing modes that fall out of the CH would not classically fall 
back since the CH is also a null hypersurface. Quantum mechanically, however, 
the quantum contribution of the classically irrelevant outgoing modes to the 
physics inside the CH should be taken into account. If the effective field theory 
is formulated inside the CH to integrate out the classically irrelevant outgoing 
modes at the CH, it become chiral there and contains gauge and gravitational 
anomalies with respect to gauge and general coordinate symmetries. To cancel 
these anomalies and to restore gauge and general coordinate covariance at the 
quantum level in the effective field theory, each partial wave of the scalar field 
must be in a state with a gauge current flux and an energy momentum tensor 
flux. Our result shows that the absorbing gauge current and energy momentum 
tensor fluxes, required to cancel gauge and gravitational anomalies at the CH, 
are precisely equal to those of Hawking radiation from the CH. 

Our Letter is outlined as follows. By extending the Robinson- Wilczek's work 
[7] that Hawking radiation can be determined by anomaly cancellation condi- 
tions and regularity requirement at the EH, we investigate, in Sec. El Hawking 
radiation from the CH of a generic Schwarzschild-de Sitter black hole. Sec. [3] is 
devoted to investigating Hawking radiation from the CH of the general Kerr- 
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de Sitter black hole via cancellation of gauge and gravitational anomalies. In 
both cases, we adopt, for simplicity, the viewpoint that gauge and gravita- 
tional anomalies taken place in the vicinity of the CH are due to exclude the 
classically irrelevant outgoing modes at the CH, and neglect quantum con- 
tribution of the omitted ingoing modes at the EH. Sec. 0] ends up with our 
conclusions. 



2 Hawking radiation from the CH of the generic Schwarzschild-de 
Sitter black holes 



The metric of a general Schwarzschild-de Sitter black hole can be expressed 



as 

1 



ds 2 = f(r)dt 2 - J^dr 2 - r2d ^l > (1) 
where 

in which M is the mass of the black hole, I is the curvature radius of de Sitter 
space, and V n denotes the volume of a unit n-sphere dfl^. (Units G n+2 = c = 
h = 1 are adopted throughout this article). When M = 0, the solution ([T|) 
reduces to the pure de Sitter space with a cosmological horizon r = I which 
may be very large according to the existing knowledge of the cosmological 
constant. For the general case in higher dimensions (n > 2), the horizons are 
determined by the equation f(r) = which is of (n + l)-order so it in general 
has (n + l)-roots. Typically for n > 2, there will be two positive (real) roots 
of f(r) = 0, with the outermost root (r c ) representing a cosmological horizon, 
and the remaining one (r^) describing the black hole horizon. The explicit 
forms of these solutions are not needed for our discussions made here and are 
not illuminating though a detailed analysis may be of some special interest. 

As mentioned above, all existing investigations [7,8,9, 10 1 T1I12|I13II14II15|I16| on 
Hawking radiation via the anomaly cancellation method are based upon the 
effective theory established in the vicinity of the black hole event horizon 
(EH). In other words, the effective field theory is always formulated outside 
the EH to exclude the classically irrelevant ingoing modes at the EH. In fact, 
in the case of black holes in de Sitter spaces, since there exist two horizons: 
the EH and the CH, the effective field theory that only describes observable 
physics should be formulated within the region between the EH and the CH, 
to integrate out the classically irrelevant ingoing modes at the EH and the 
classically irrelevant outgoing modes at the CH, respectively. For the sake of 
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simplicity, when studying Hawking radiation from the EH, one can only treat 
gauge and gravitational anomalies taken place in the vicinity of the EH as 
arising from excluding the classically irrelevant ingoing modes at the EH, and 
overlook the quantum contribution of the omitted outgoing modes at the CH 
although they should be incorporated into the effective field theory in the 
vicinity of the CH. Similar measures can be taken to tackle with the case 
when one considers the de Sitter radiation. Subsequently, one can apply the 
same procedure as did in Refs. [7f8|9lfT0lllllll2|13|14lll5|16j to derive Hawking 
radiation from the EH via the anomalous point of view. However, since our 
main propose is to study Hawking radiation from the CH of the generic black 
holes in de Sitter spaces, we can, similarly, regard the gauge and gravitational 
anomalies taken place in the vicinity of the CH are only due to integrate 
out the classically irrelevant outgoing modes at the CH, and disregard the 
quantum effect of the omitted ingoing modes at the EH although they should 
be incorporated into the effective field theory in the vicinity of the EH. 

Now we concentrate on studying Hawking radiation from the cosmological 
horizon of a generic Schwarzschild-de Sitter black hole via anomaly cancella- 
tion. Near the CH, if one introduces the tortoise coordinate transformation 
defined by dr/dr* = f(r), and performs the partial wave decomposition in 
terms of spherical harmonics, the effective radial potential for partial wave 
modes of the scalar field vanishes exponentially fast [7f8]. Thus physics near 
the CH can be described by an infinite collection of (1 + l)-dimensional fields, 
each partial wave propagating in a spacetime with the effective metric given 
by 

ds 2 = f{r)dt 2_ _L dr \ (3) 

AH 

In addition, the background also includes a dilaton field, whose contribution 
can be dropped due to the static background [8j. In the two-dimensional re- 
duction, gravitational anomaly taken place at the CH is due to exclude the 
classically irrelevant outgoing modes at the CH. For the left-handed field (in- 
going modes), the consistent gravitational anomaly takes the form as 

V^ = --^<9 M A/>, (4) 



where 



As we are simply considering the de Sitter radiation for which the effective 
field theory should be formulated in the region between the EH and the CH, we 
can only focus on the physics taken place near the CH and ignore the effect 
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of the EH. The total energy momentum tensor is composed of a sum from 
two regions: the near-horizon region (r c — e < r < r c ) and the other region 
(r h < r < r c - e), that is, T£ = T^ (o) 9_ + T^C, where 6_ = 6(r c - r - e) 
and C = 1 — 0_ are, respectively, a scalar step and top hat function. Near the 
CH (r c — e < r < r c ), gravitational anomaly taken place in the effective field 
theory gives an important constraint on the energy momentum tensor as 

d r T[ [c) = -d r N r t {r) , MZ{r) = ^(f 2 + ff") . (6) 

In the other region, there is no anomaly, the energy momentum tensor in 
this region satisfies the conservation equation d r TL -> = 0. In the classical the- 
ory, general coordinate covariance of the classical action demands —5W = 
J d 2 Xy/—g\ u V fl T^ = 0, where \ u is a variation parameter. In the case of de 
Sitter radiation at the CH, the effective theory excludes the classically irrele- 
vant outgoing modes at the CH, but should include the quantum contribution 
of the omitted ingoing modes at the EH, whose effect on the CH, however, had 
not been considered in the discussions below for the sake of simplicity. The 
variance of the effective action under the general coordinate transformation 
can be written as 



-SW = J dtdrX'V^T^ + TfaC 

= J dtdrX'Ur^ - T t{o) +AT t r )Kr ~r c + e) - d r (CAf t r ) 



(7) 



In Eq. ((7]), the last term should be cancelled by the quantum effect of the clas- 
sically irrelevant outgoing modes at the CH, whose contribution to the total 
energy momentum tensor is CAf[. To restore general coordinate covariance at 
the quantum level, the coefficient of the delta function should vanish, which 
means 



r 

t ' 



(8) 



where 



a o — 1 t(o) ' 

a c = T t r {c) + f r drd r M t r , (9) 

J T c 

are, respectively, the flux of the energy momentum tensor observed by an 
observer who inhabits in the region between the EH and the CH, and the 
one at the CH. To ensure the regularity for the energy momentum tensor, we 
impose a vanishing condition for the covariant energy momentum tensor at the 
CH. Since the covariant energy momentum tensor is related to the consistent 
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one by 




(10) 



that condition yields 




2Af[(r c ) 



(11) 



where k c = —d r f(r)/2\ r=rc is the surface gravity at the CH. The total energy 
momentum tensor flux is then given by 



where T c = k c / (27r) is the Hawking temperature at the CH of the black hole. 

In Eq. (1121) . the negative sign (— ) demonstrates that in the effective field theory 
the energy momentum tensor flux must be absorbed at the CH in order to 
ensure the general coordinate covariance at the quantum level. In contrary, 
one must take the positive sign (+) for the compensating energy momentum 
tensor flux at the EH in order to cancel gravitational anomaly at the EH 



To cancel gravitational anomaly at the CH and to restore general coordinate 
covariance at the quantum level, the energy momentum tensor flux radiated 
into the black hole from the CH must be given by Eq. f|T2|) . In fact, this 
absorbing energy momentum tensor flux has an equivalent form as that of 
Hawking radiation from the CH of the black hole. At the CH, since blackbody 
radiation is moving along the negative r direction, its Planckian distribution 
with the Hawking temperature T c is written as Af(u) = — l/[exp(^-) + 1] for 
fermions. [By contrast, the sign of the Planckian distribution of blackbody 
radiation moving in the positive r direction is positive at the EH.] With this 
distribution, the energy momentum tensor flux reads 



Compare Eqs. f|T2l with f|T3|) . we find that the absorbing energy momentum 
tensor flux, required to cancel gravitational anomaly at the CH and to restore 
general coordinate covariance at the quantum level in the effective field theory, 
is exactly equal to that of Hawking radiation from the CH. This result shows 
that the flux of Hawking radiation from the CH can be determined by anomaly 
cancellation conditions and regularity requirement at the CH. 

In the following section, we will further extend the Robinson- Wilczek's work to 
the case of a generic Kerr-de Sitter black hole. In Ref. [13], Hawking radiation 
from the event horizon of a general Kerr-de Sitter black hole has been studied 



(12) 




(13) 
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by the anomalous point of view, where the effective field theory is formulated 
outside the EH to exclude the classically irrelevant ingoing modes at the EH. 
In fact, in the case of rotating black holes with a repulse cosmological con- 
stant, the effective field theory that only describes observable physics should 
also be formulated within the region between the EH and the CH to integrate 
out the classically irrelevant ingoing modes at the EH and the classically irrel- 
evant outgoing modes at the CH, respectively. Thus gauge and gravitational 
anomalies can take place at both the EH and the CH. In what follows, we 
shall only focus on studying Hawking radiation from the CH. To simplify our 
discussion, we will also disregard the effect of the EH when we consider the 
de Sitter radiation. 



3 Hawking radiation from the CH of the general Kerr-de Sitter 
black hole 



The metric of a general Kerr-de Sitter black hole in D dimension takes the 
form in a Boyer-Lindquist coordinate system as [2Ti] 



ds 2 = W(l - Xr 2 )dt 2 - 



2M ' 



VF 

" r 2 + a 2 VF 2 N ^r 2 + a? , 

g TTK^ - V~2M dr ~ g TTV 

A f N ^r 2 + a 2 ^ 2 



W{1- Ar 2 )V^ 1 + Aa? 
where e = 0, 1 correspond to odd and even dimensions, respectively, and 



fiidfii) , (14) 



W 



N+e ,,2 i N+e „2.,2 



+ Xa 2 ' 1 - Ar 2 ^ r 2 + a 2 ' 

N 



V = r e - 2 {l-Xr 2 )l[{r 2 + a 2 ), (15) 



=i 



where N is the integral part of (D — l)/2, /!« should satisfy the following 
constraint Yh=i lA — 1> an d we assume the cosmological constant A > 0. 
There are N independent rotation parameters ctj in orthogonal spatial 2-planes 
in general. Near the CH, introducing the tortoise coordinate transformation 
dr/dr* = f(r), where f(r) ~ — 2n c (r — r c ) in which 



(16) 
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is the surface gravity at the CH of the black hole, and further performing 
the partial wave decomposition <p = J2m t (pm 1 ,...,m N (t,r)Y rni ^ mN (fi i ,ip i ) [13], 
physics near the CH can be described by using an infinite collection of (1 + 1) 
dimensional fields, each propagating in the backgrounds of the effective metric 
g^ u and 27(1) gauge fields A 1 ^ as follows 



9tt 
At 



f(r) 



a/1 



Qrr 

Xr 2 ) 



7(0 
A„ 



9tr 



(17) 



The 2/(1) charges of the two-dimensional field are the azimuthal quantum 
numbers along (p j direction m^. In addition to general coordinate symmetry, 
the effective two-dimensional theory contains N 27(1) gauge symmetries. In 
order to investigate the de Sitter radiation, the effective field theory should be 
formulated in the region between the EH and the CH to cancel the 27(1) gauge 
and gravitational anomalies. As before, we shall only consider the physics near 
the CH and overlook the effect on the CH coming from the EH. In the near- 
horizon region r c — e < r < r c , the effective theory is chiral and contains gauge 
and gravitational anomalies. For the left-handed field (ingoing modes), the 
consistent 27(1) gauge anomaly equation reads off 

777 ■ 

V,Jf = -^e^A, (18) 

where A v = rriiA % v is the sum of the N U(l) gauge fields. Since the anomaly 
is purely timelike, the anomaly equation for each 27(1) gauge current near the 
CH is given by d r J^ c ^ = —m i d r At/{^'n)- In the other region, no 27(1) gauge 
anomaly takes place, each current is conserved and satisfies d r JL \ = 0. When 
omitting the classically irrelevant outgoing modes at the CH, the total 27(1) 
gauge current is consisted of a sum from two regions Jf = J# %G_ + Jfi c -.C. 
Under the gauge transformation, the effective action changes as 



-5W = JdtdrXV,(jt {o) e- + Jt {c) C 

= J dtdrX^Jfo - Jl [o) + ^A t )5(r - r e + c) - 9 r (^AC)j , (19) 

where A is a gauge parameter. In Eq. f|T9|) . we have omitted the classically 
irrelevant outgoing modes at the CH, whose contribution to the total gauge 
current is miA t C '/ '(4tt) . The second term should be cancelled by their quan- 
tum contribution. Since the underlying theory must be gauge invariant, the 
coefficient of the delta function should vanish, which says that 

777 ' 

di( ) = d i{c) + ^A(?"c) , (20) 
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where d^p) = Ji( ) * s the gauge current flux observed by an observer who lives 
in the region between the EH and the CH, and 

777,. rr 

d i(c) = 4(C) + ^ J r drd r A t , (21) 

is the one at the CH. In order to fix the current flux, we impose a constraint 
that the covariant current, which is related to the consistent one by 

— 777 - 

JI = JI-^A t C, (22) 

vanishes at the CH. Using this condition, one can easily determine the value 
of the U(l) gauge current flux to be 

^.^AW^-E™^. (23) 

This flux corresponds to the angular momentum flux of Hawking radiation 
from the CH of the black hole. The negative sign reflects that the U(l) gauge 
current flux is radiated into the black hole from the CH. 

In addition to the U(l) gauge symmetries, there is also the general coordi- 
nate symmetry in the effective two-dimensional theory. When excluding the 
horizon-skimming modes at the horizons, the effective field theory contains 
both gauge and gravitational anomalies. As before, we shall only deal with 
Hawking radiation via anomaly cancellation from the CH, and disregard the 
effect of the EH, for the simplicity. In the region near the CH, £7(1) gauge and 
gravitational anomalies constraint the energy momentum tensor by 

d r T[ {C) = J( c) d r A t + Atdr J( C ) - drK • (24) 

In Eq. ( TH|) . A//" takes the same form as before with f(r) now given by Eq. 
f fTTl) . Also, we have J r = Jl/rrii = Jj/rrij. In the other region, there is no 
anomaly, and the energy momentum tensor is conserved. In a background with 
U(l) gauge fields, the conservation equation for the energy momentum tensor 
is modified as d r TLs = J~r.d r At, in which 

(25) 



In the simplest case we are considering here, the total energy momentum 
tensor combines contribution from two regions, that is, T£ = T% \Q-+T%q\C . 
Under the general coordinate transformation, the effective action (omitting the 
classically irrelevant outgoing modes at the CH) changes as 
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SW = JdtdrX*^(T^ o) e. + I^ C) C] 

= J dtdrX 1 d d r A t -d r Q-Al+Nl)c 
+ (T/ (C) - T[ (o) + i-A 2 + K)Kr ~r c + e) 



(26) 



In Eq. ( 1261) . the first term is the classical effect of the background gauge 
field for constant current flow. The second term should be cancelled by the 
quantum effect of the classically irrelevant outgoing modes at the CH, whose 
contribution to the total energy momentum tensor is [.4|/(47r) +Af[]C. To 
restore general coordinate covariance at the quantum level, the coefficient of 
the delta function should vanish, thus we have 

fo = fc-^A 2 t (r c )+Af t r (r c ), (27) 

where f Q = TL^ — d Q At is the energy flow observed by an observer who lives 
in the region between the EH and the CH, and 



fc = T t \ c) - f drd r (d a A t - ^ A 2 " K 



is the energy momentum tensor flux at the CH. Here we have used J^* = 
d — At/{4:iT). Similarly, we impose a constraint that the covariant energy 
momentum tensor vanishes at the CH, so that the total energy momentum 
tensor flux is given by 



f = -Af[(r c )-^A 2 t (r c ) 

1 /" ai(l-Xr 2 )\ n „ 

where T c = k c / (2tt) is the Hawking temperature at the CH of the black hole. 
As mentioned before, the negative sign means that the energy momentum 
tensor flux is radiated into the black hole from the CH. 

In fact, these absorbing gauge current and energy momentum tensor fluxes 
in Eqs. f l23l) and fl29l) . which are required to restore gauge invariance and 
general coordinate covariance at the quantum level, have equivalent forms 
to those of Hawking radiation from the CH of the black hole. For the case 
of fermions, the Hawking distribution at the CH takes the form M± m {uj) = 
-l/[exp( " ±r y* (rc) )+l] (Note: the negative sign means that de Sitter radiation 
is radiated into the black hole from the CH). Integrating with respect to this 
distribution, the angular momentum and energy momentum tensor fluxes at 
the CH can be shown to take the same forms as Eqs. ( |23l) and (1291) . respectively. 
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This indicates that de Sitter radiation can also be determined by the method 
of cancellation of anomaly. 



4 Conclusions 



Motivated by Robinson-Wilczek's recent work [7J, we have studied Hawking 
radiation from the cosmological horizon of the general Schwarzschild-de Sitter 
and general Kerr-de Sitter black holes via the anomalous point of view. The 
result shows that the absorbing gauge current and energy momentum tensor 
fluxes, required to cancel gauge and gravitational anomalies at the CH and 
to restore gauge invariance and general coordinate covariance at the quantum 
level, are exactly equal to those of Hawking radiation from the CH. This is 
very similar to the case taken place at the EH, however, several points deserve 
to be emphasized: 

i) Gauge and gravitational anomalies taken place at the CH are due to exclude 
the classically irrelevant outgoing modes at the CH. 

ii) For general black holes in de Sitter spaces, the effective field theory that only 
describes observable physics should be formulated within the region between 
the EH and the CH to integrate out the classically irrelevant ingoing modes at 
the EH and the classically irrelevant outgoing modes at the CH, respectively. 

iii) When dealing with Hawking radiation from the CH, we have taken the 
simplest case that gauge and gravitational anomalies taken place in the ef- 
fective theory are due to exclude the classically irrelevant outgoing modes at 
the CH, and disregarded the effective field theory that contains the quantum 
contribution of the omitted ingoing modes at the EH. In other words, we have 
assumed that the EH and the CH behave like two independent systems, and 
overlooked the effect coming from the EH when we consider the de Sitter 
radiation from the CH. 
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